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Abstract 

This paper continues the study of infinite dimensional bicomplex Hilbert 
spaces introduced in previous articles on the topic. Besides obtaining 
a Best Approximation Theorem, the main purpose of this paper is to 
obtain a bicomplex analogue of the Riesz-Fischer Theorem. There are 
many statements of the Riesz-Fischer (R-F) Theorem in the literature, 
some are equivalent, some are consequences of the original versions. The 
one referred to in this paper is the R-F Theorem which establishes that 
the spaces and L^[a,b] are isomorphic and isometric. 
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1 Introduction 



Hilbert spaces over the field of complex numbers are indispensable for math- 
ematical structure of quantum mechanics |10) which in turn play a great role 
in molecular, atomic and subatomic phenomena. The work towards the gener- 
alization of quantum mechanics to bicomplex number system was initiated by 
Rochon and Tremblay [131 [H] ■ Rochon, Lavoie and Marchildon \T, made an 
in depth study of bicomplex Hilbert spaces and operators acting on them. After 
obtaining reasonable results responsible for investigations on finite and infinite 
dimensional bicomplex Hilbert spaces and applications to quantum mechanics 
O |6| , they in [4 asked for extension of Riesz-Fischer Theorem and Spectral 
Theorem on infinite bicomplex dimensional Hilbert spaces. 

In this paper, we obtain a bicomplex analogue of the Riesz-Fischer Theorem 
p','9" on infinite dimensional Hilbert spaces. Our proof of Riesz-Fischer Theorem 
is essentially different from its complex Hilbert space analogue in the sense that 
we do not make use of the so called Parseval's identity as done in general Hilbert 
spaces over R or C. As supporting results, we prove: 

• The bicomplex inner product is a continuous function; 

• A Best Approximation Theorem; 

• Orthonormal Schauder M(2)-basis for bicomplex Hilbert space are ob- 
tained from orthonormal Schauder M(2)-basis for its dense subspace; 

• Every separable bicomplex Hilbert space have orthonormal Schauder M(2)- 
basis; 

• The bicomplex analogue of P is a bicomplex Hilbert space. 

2 Preliminaries 

This section first summarizes a number of known results on the algebra of bi- 
complex numbers, which will be needed in this paper. Much more details as well 
as proofs can be found in [TTl [131 [Ml [S] ■ Basic definitions related to bicomplex 
modules and scalar products are also formulated as in [3l [15] , but here we make 
no restrictions to finite dimensions following definitions of [4] 

2.1 Bicomplex Numbers 
2.1.1 Definition 

The set M(2) of bicomplex numbers is defined as 

M(2) := {w = zi + Z2i2 | zi, ^2 G C(ii)}, (2.1) 
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where ii and 12 are independent imaginary units such that i| = — 1 = i|. The 
product of ii and '12 defines a hyperbohc unit j such that = 1. The product 
of all units is commutative and satisfies 

iii2=j, iij = -12, i2j = -ii- (2.2) 

With the addition and multiplication of two bicomplex numbers defined in the 
obvious way, the set M(2) makes up a commutative ring. They are a particular 
case of the so-called Multicomplex Numbers (denoted M(n)) [TTl |T2] and [T5] . 
In fact, bicomplex numbers 

M(2) = Clc(l,0)?^Clc(0,l) 

are unique among the complex Clifford algebras (see [I] [2] and (TB]) in the 

sense that they are commutative but not division algebra. 
Three important subsets of M(2) can be specified as 

C(ik) :-{a; + yik I a:,yeM}, fc = l,2; (2.3) 
B:={x + yi\ x,yeR}. (2.4) 

Each of the sets C(ik) is isomorphic to the field of complex numbers, while D 
is the set of so-called hyperbolic numbers, also called duplex numbers (see, e.g. 

2.1.2 Conjugation and Moduli 

Three kinds of conjugation can be defined on bicomplex numbers. With w 
specified as in (12.11) and the bar (~) denoting complex conjugation in C(ii), we 
define 

w"^^ := zi + Z2i2, w''^ := zi — Z2i2, w'''^ :— zi — Z2i2- (2.5) 

It is easy to check that each conjugation has the following properties: 

(s-Ff)t'= +ftfc, (^s"'")^" ^ s, (s-t)t'« =stk .^tfc, (2.6) 

Here s, t e M(2) and fc = 1, 2, 3. 

With each kind of conjugation, one can define a specific bicomplex modulus 

as 

\w\l:^ww^^ ^zf + zi eC{h), (2.7) 

= |z2p) +2Re(ziZ2)i2 G C(i2), (2.8) 

:= ww^^ ^ (|zip + IzaP) - 2Ini(ziZ2)j e ©. (2.9) 

It can be shown that \s ■ t\1 = \s\1 ■ \t\l, where fc = ii, i2 or j. 

In this paper we will often use the Euclidean R'^-norm defined as 

\w\ := VkiP + l^2P = ^Re(H?). (2.10) 

Clearly, this norm maps M(2) into R. We have > 0, and \w\ = if and only 
if u; = 0. Moreover [ll], for aU s, t S M(2), 

|s + i| < + |s-t| < \/2|s| • |t|. (2.11) 
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2.1.3 Idempotent Basis 

Bicomplex algebra is considerably simplified by the introduction of two bicom- 
plex numbers ei and 62 defined as 

ei := —2—. e2 := (2.12) 

In fact ei and 62 are hyperbolic numbers. They make up the so-called idempo- 
tent basis of the bicomplex numbers. One easily checks that (A: = 1, 2) 

el=ei, e| = e2, ei+e2 = l, ej/ = ek, eie2 = 0. (2.13) 
Any bicomplex number w can be written uniquely as 

W = Zi+ Z2\-2 — Z^Bx + ^2®2, (2-14) 

where 

ZY = zi — Z2I1 and 2:5 = zi + 2:211 (2-15) 
both belong to C(ii). Note that 

, , 1 



The caret notation (1 and 2) will be used systematically in connection with 
idempotent decompositions, with the purpose of easily distinguishing different 
types of indices. As a consequence of (|2.13p and (|2.14l) . one can check that if 
.jj/^j is an nth root of z-^ and ^j/zj is an nth root of 2:5, then ^j/z^ei + ^j/z2e2 
is an nth root of w. 

The uniqueness of the idempotent decomposition allows the introduction of 
two projection operators as 

Pi : w e M(2) Zj- e C(ii), (2.17) 

P2 : w e M(2) ^ Z2 e 'C(ii)- (2-18) 
The Pk (fc = 1,2) satisfies 

[Puf = Pk, Piei + ^262 = Id, (2.19) 

and, for s,t € M(2), 

Pkis + t) = Pk{s)+Pk{t), Pkis-t)^Pk{s)-Pkit). (2.20) 

The product of two bicomplex numbers w and w' can be written in the 
idempotent basis as 



w ■ w 



' = (z^ei + 22^2) • (2^61 + 2^62) = z<^-z~ex + z^z~&-2,. (2-21) 



Since 1 is uniquely decomposed as ei + e2 , we can see that w ■ w' = \ \i and 
only if z-^z'~ = 1 = 252-. Thus w has an inverse if and only if 2^ 7^ 7^ z^i ^^id 
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the inverse is then equal to {z^)~^ex + {z^)~^e2. A nonzero w that does 
not have an inverse has the property that either — or — 0, and such a 
w is a divisor of zero. Zero divisors make up the so-called null cone AfC. That 
terminology comes from the fact that when w is written as in (j2.ip , zero divisors 
are such that + = 0. 

Any hyperbolic number can be written in the idempotent basis as x^e^ + 
0:562, with and 2:5 in M. We define the set of positive hyperbolic numbers 
as 

D+ := {xj-ei + xjea | x^, x^ > 0}. (2.22) 
Since = Zj-ei + %e2, it is clear that w ■ w^a g ][])+ for any w in M(2). 

2.2 M(2)-Module and Scalar Product 

The set of bicomplex numbers is a commutative ring. Just like vector spaces are 
defined over fields, modules are defined over rings. A module M defined over 
the ring of bicomplex numbers is called an M.{2)-module [151 EH]. 

Let M be an M(2)-module. For k — 1,2, we define Vk as the set of all 
elements of the form eklV'), with g M. Succinctly, Vi := eiM and V2 
e2,M . In fact, Vk is a vector space over C(ii) and any element \vk) G Vk satisfies 
\vk) = Gklffc) for k = 1,2. For arbitrary M(2)-modules, vector spaces Vi and 
V2 bear no structural similarities. For more specific modules, however, they 
may share structure. It was shown in [3] that if M is a finite-dimensional free 
M(2)-module, then Vi and V2 have the same dimension. 

For any l^p) g M, there exist a unique decomposition 

IV') = \vi) + \V2), (2.23) 

where Vk S Vk, k = 1,2. 

It will be useful to rewrite (j2.23|) as 

1^) = 1^1) + IV'2), (2.24) 

where 

IV'i) :=ei|V') and IV'2) := 62!^). (2.25) 

In fact, the M(2)-module M can be viewed as a vector space M' over C(ii), 
and M' = Vi ® V2. From a set-theoretical point of view, M and M' are identical. 
In this sense we can say, perhaps improperly, that the module M can be 
decomposed into the direct sum of two vector spaces over C(ii), i.e. M = Vi(BV2. 

2.2.1 Bicomplex Scalar Product 

A bicomplex scalar product maps two arbitrary kets \ip) and into a bicomplex 
number \<p)), so that the following always holds (s € M(2)): 

1. m,\4>) + \x))^{m,m + {m,\x)); 
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2. {\^),sm=s{\^),m; 



3. (IV), = (10), 

4. (IV), IV)) =0 ^ IV) =0. 

The bicomplex scalar product was defined in |15j where, as in this paper, the 
physicists' convention is used for the order of elements in the product. 

Property 3 implies that (|V),|V)) G D, while properties 2 and 3 together 
imply that (s|V), IV)) — ^^■''(IV), \4>))- However, in this work we will also require 
the bicomplex scalar product (•, •) to be hyperbolic positive^ i.e. 

(IV), IV)) e 15+, V|V) e M. (2.26) 

This is a necessary condition if we want to recover the standard quantum me- 
chanics from the bicomplex one (see 'F). 

Definition 2.1. Let M be a T-module and let (•,•) be a bicomplex scalar 
product defined on M. The space {M, (•, •)} is called a M[(2)-inner product 
space, or bicomplex pre-Hilbert space. When no confusion arises, {A/, (•,•)} 
will simply be denoted by M. 

In this work, we will sometimes use the Dirac notation 

(|V),|0)) = (V|0) (2.27) 

for the scalar product. The one-to-one correspondence between bra {■] and ket 
\-) can be established from the Bicomplex Riesz Representation Theorem [4l Th. 
3.7]. As in [7], subindices will be used inside the ket notation. In fact, this is 
simply a convenient way to deal with the Dirac notation in Vi and V2. Note 
that the following projection of a bicomplex scalar product: 

(•, Pfc((-, •)) -.MxM^ C(ii) (2.28) 

is a standard scalar product on Vk, for fc = 1, 2. One easily show [1] that 

(IV), |<^)) = eiPi((|Vi), |<^i))) + e2P2((|V2), 102))) (2.29) 
= ei (IVi), |0i))t + e2 (IV2), |02))2 • (2.30) 
= ei(Vi|0i)T + e2(V2|02)2- (2.31) 

We point out that a bicomplex scalar product is completely characterized 

by the two standard scalar products (•, •)^ on Vk- In fact, if (., .)j is an arbitrary 
scalar product on Vk, for fc = 1, 2, then (., .) defined as in (I2.3ip is a bicomplex 
scalar product on M. 

From this scalar product, we can define a norm on the vector space M': 

= -^V'||0i)|? + ||02)|2. (2.32) 
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Here we wrote 

||0k)|, = y^(|</'k),|0k))fc, (2.33) 
where | ■ |fc is the natural scalar-product-induced norm on V^. Moreover, 

|||0)|| = i=^(|0i),|0i))T+(|02),|</>2»2 = k(l'^>,l0))|- (2.34) 

Definition 2.2. Let M be an M(2)-module and let M' be the associated vector 
space. Wc say that || • |1 : M — > M is a M(2)-norm on M if the following holds: 

1. II • II : M' — ^ M is a norm; 

2. \\w ■ IV')!! < V2\w\ ■ Vw e T, VIV') e M. 

A M(2)-module with a M(2)-norm is called a normed M(2)-module. It is 
easy to check that || • || in (^3^ is a M(2) -norm on AI and that the M(2)-module 
M is complete with respect to the following metric on M: 

dm,m^\\\4>)-M (2.35) 

if and only if Vi and V2 are complete (see [4]). 

Definition 2.3. A bicomplex Hilbert space is a M(2)-inncr product space M 
which is complete with respect to the induced M(2)-norm (|2.32p . 

3 Main results 

Throughout the text, by a bicomplex Hilbert space we shall mean an infinite 
dimensional bicomplex Hilbert space. A normed M(2)-module with a Schauder 
M(2)-basis is called a countable M(2)-module. 

Definition 3.1. A bicomplex Hilbert space M is said to be separable by a basis 
if it has a Schauder M(2)-basis. 

We note that by Theorem 3.10 in [i], any Schauder M(2)-basis of M can be 
orthonormalized. 

Remark 3.2. A topological space S is called separable if it admits a countable 
dense subset W. 

Proposition 3.3. Let (-I-) be a bicomplex inner product in the bicomplex Hilbert 
space M and let\\-\\ be the induced norm. If the sequences {\ipn)} and {\(f>n)} in 
M converge to and {\(p)} respectively, then the sequence of inner products 

{(V'nl^n)} converges to (V'l^). 

Proof. First observe that: {ijjn\(f>n) ~ (V'l'^) 

= (V„|0„) - (^|0„) + (V|0„) - im 

= {iJjn - M't'n -(/))+ (V'n " V'l'/') + {M4'n " 0) . 
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From this we get by the bicomplex Schwarz inequality ([3], Theorem 3.8): 

\{M^n)-{m\ 

= \{tpn- 1p\(f>n - (f>) + {^n " 1p\(f>) + {lp\(f>n " (f>) \ 

< I - - 0) I + I - V'l'/') I + I - 0) I 

< [v^lllV-n)- 1^)11 -lll^n)- 10)11 +y2|||V'„)-|V)|| -1110)11 
+ V2|||V)|H||0„)-|0)||]. 

The proposition now follows easily. □ 

Theorem 3.4 (Best Approximation Theorem). Let {|V-'n)} be an arbitrary 
orthonormal sequence in the bicomplex Hilbert space M — Hi H2, and let 
ai, . . . , a„ he a set of bicomplex numbers. Then for all G M , 

n n 

\\\^P)-Y^ai\^Pi)\\ > 1 1 IV) - 5] (^i IV') IV'/) 1 1- 



Proof. By definition of the bicomplex inner product, the set {|V„k)} is also an 
arbitrary orthonormal sequence in the Hilbert space Hk for k ^ 1,2. Therefore, 
using the classical Best Approximation Theorem (see f8, , P.61) on the Hilbert 
spaces Hi and H2, we obtain for fc = 1, 2: 



liv-k) -^Pfe(aOiV'/k)L > liV'k)-^(V'ikiV'k)feiV'ik) 

i=a 1=0 
Hence, by definition of the M(2)-norm, we have that 

1 



1=0 



fc=i 



/=0 



> 



1 



^llvk)-E(^'klvk)^l0/k)l' 

n 

Y.{Mi^)Hi)\\. 



1=0 



(3.1) 



(3.2) 

(3.3) 

(3.4) 
□ 



An important consequence of the Best Approximation Theorem is that an 
orthonormal basis for a dense subspace of a bicomplex Hilbert space is actually 
an orthonormal basis in the full bicomplex Hilbert space. This is very useful 
result for the construction of specific orthonormal basis in separable Hilbert 
spaces. The precise result is as follows. 
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Theorem 3.5. Let N be a dense subspace of the bicomplex Hilbert space M , 
and assume that {\mi)} is an orthonormal Schauder 'Wl{2)-basis for N. Then 
{|to/)} is also an orthonormal Schauder M.(2)-basis for M . 

Proof. Since {Im;)} is a Schauder M(2)-basis for N, any e N admits a 
unique expansion as an infinite series = oti\mi). In fact, 

oo 

IV') = X! ("^'iV') I'"')- 

(=1 

Tliis follows by Proposition [231 and the short computation 



OLkmk ) = ai, 



(m;|V') = (m\ lim atnik ) = lim ( m;| 



n—>oo ' 

k^l I \ k^l 



valid for all / € N. Now, to complete the proof, let us prove that any ket \(f)) G M 
admits the same expansion form: 

oo 

\cP}=Y,{mi\4,)\mi). (3.5) 
1=1 

To prove this assertion, let an arbitrary e > be given. Since, A'' is dense in 
M, we can choose € N, such that |||0) — IV")]! < §• Now write \ip) = 
J2h^i {iT^iW l™i): and choose no € N such that 



n > no ^ \ \\ip) - ^ ("i/IV') |"i/)|| < ^. 



[milip) \mi)\ \ < 
1=1 

By the Best Approximation Theorem, we then get for all n > uq, 



^ {mi\(j)) \mi)\\ < \\\(p) -^{mi\ij)\mi)\\ 

1=1 

n 

10)- 1^)11 + ||i^)-E("^'i'/')i"^')| 



1=1 1=1 
< 



1=1 



Hence, 



n 



= lim (m;|0) |m;) = (m/|(/)) Ito/). (3.6) 

71 — ^OO ' ' ' ' 



1=1 1=1 



This prove that {|m;)} is an orthonormal Schauder M(2)-basis for M . □ 

The next result shows that all separable bicomplex Hilbert spaces are sepa- 
rable by a basis. 
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Lemma 3.6. Every separable bicomplex Hilbert space M has an orthonormal 
Schauder M.{2)-basis. 



Proof. By the definition of separability, M contains a countable, dense subset 
W of kets in M. Consider the linear subspace U in M consisting of all finite 
bicomplex linear combinations of kets in - the bicomplex linear span of W. 
Clearly, J7 is a dense sub-M(2)-module in M. By the construction of U we can 
eliminate kets from the countable set W one after the other to get a (bicomplex) 
linearly independent set {|(/)n)} (finite, or countable) of kets in U that spans 
U. However, a sub-M(2)-module [/ in M of finite dimension is a complete 
space, thus a closed set in M, and then U = U = M a. contradiction with 
our hypothesis. Therefore, the set {|0„)} is a countable (bicomplex) linearly 
independent set of kets in U. Now, since no (and thus no (0n|'/>n)) can 
belongs to the null cone, the classical Gram-Schmidt process can be applied 
(see [3], P. 14). Hence, we can turn the sequence {|(/)ti)} into an orthonormal 
sequence {IV'n)} with the property that for all n € N, 



Since {IV";)} is orthonormal, we can use {IV";)} a-s a Schauder M(2)-basis to 
generate a linear subspace N in M (for the unicity, see the proof of Theorem 
[33]) . Then is a dense sub-M(2)-module in M, since f7 is a dense sub-M(2)- 
module in N. The latter follows since any ket £ N can be expanded into 
a series \tp) — showing that \ip) — lim„^oo J2"=i Q^dV'i): and hence 

that is the limit of a sequence of kets in U. 

By construction, is an orthonormal Schauder M[(2)-basis for N and 

hence by Theorem 13.51 also for M. □ 

Theorem 3.7. If M is a separable bicomplex Hilbert space, then Hk (k = 1,2) 
is an infinite dimensional separable complex Hilbert space. 

Proof. From Lemma 13.61 M — Hi ® H2 has an orthonormal Schauder M(2)- 
basis {IV';)}- I* is easy to see that {|V';k)} is also an orthonormal Schauder 
basis for Hk (fc — 1,2). Hence, Hk {k = 1,2) is separable by a basis. Now, 
from Theorem 3.3.6. in [8], Hk {k = 1,2) is an infinite dimensional separable 
complex Hilbert space. □ 

Definition 3.8. Denote by Z^, the space of all (real, complex or bicomplex) 
sequences {w{\ such that 



The bicomplex I2 space is clearly an M(2)-module. The norm of the associ- 
ated vector space {l^)' over C(ii) is defined by 



span{|0„)}f^i 



span{|V';)}r=i 



00 



00 




(3.7) 
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Theorem 3.9. O' bicompex Hilbert space. 

Proof. Let us prove that = (ei^^) ® (es^^). This comes automaticaUy from 
the fact that any bicomplex sequence {wi} can be decomposed as the fohowing 
sum of two sequences in C(ii): 

{wi} = ei{zu - Z2ih} + e2{zu + Z2ih}- 

To complete the proof, we need to verify that the norm || • II2 coincides with the 

induced M(2)-norm of the bicomplex Hilbert space (ei?^) ® (02/^). Let || • || be 
the induced M(2)-norm of the bicomplex Hilbert space (eiP) ® (62^^)- Thus 



where 



{wi}\\ = -^^\{zu - Z2lh}\l + \{Z11 + Z2lil} 
L is the classical norm on P. Hence, 



V2 
1 



1 2 I 1 2 

"^2/ii}|^ + \izi, + Z2/il}|^ 



00 

En 

1=1 



■ Z2lll\ 



\zii - Z2iiip + \zii + Z2;iip] 



(3.8) 
(3.9) 

(3.10) 

(3.11) 
□ 



We are now ready for the proof of the main result on the structure of infinite 
dimensional, separable bicomplex Hilbert space. We show that the space of 
square summable bicomplex sequences I2 is the canonical model space. Define 
the projection Tk : M — > Vk as 

Tk|</') ekT(|0)), V|0) G M, fc = 1, 2. 

With this definition we have the following Lemma. 

Lemma 3.10. Let Mi, M2 be two M{2)-modules and T : Mi 
plex linear function. Then V|0) e Mi we have 



M2 be a bicom- 



Tk(|</.)) = T(|<Ak)), (fc = l,2). 



(3.12) 



Proof. 

= ek(T(|,/.))) (3.13) 

= ek(r(|</)i) + 102))) (3.14) 

= T((|0k))). (3.15) 

□ 
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Theorem 3.11 (Riesz-Fischer). Every separable bicomplex Hilbert space M is 
isometrically isomorphic to the bicomplex Hilbert space l\. 

Proof. From Lemma I3.6[ since M = Hi ® H2 is a separable bicomplex Hilbert 
space, it has an orthonormal Schauder M(2)-basis: 

{|mi),...,|m;),...}. 

Then each £ M admits a unique decomposition as 

00 

\^) = ^wi\mi), wi eM{2). 
1=1 

Since the infinite series above converges, by Theorem 3.11 in [4], the series 
Si^i l^d converges in R and thus {wi} G ^2- Now, define a map T : M — 
as 

T is a well defined map: Let |(^), G M be such that \(j>) — \4>)- Hence, 
Si^i wi\mi) = wif\mi) and then by the uniqueness of the representation 

we find that wi = w/ for each / G N, which further implies that T{\(j))) = T(|V')). 
Next, we show that T is bicomplex linear. Let G M and a, (3 G T. 

Then, 

00 00 

r(a|0) +/3IV')) = r(a^w;,|mi) +/3^w;i/|mi)) (3.16) 

1=1 1=1 

00 00 

= r(^(azi;i)|m,)+^(/3«;z/)|m,)) (3.17) 

1=1 1=1 

00 

= T{J2{awi + (3wif)\mi)) (3.18) 
1=1 

= {awi+l3wi'} (3.19) 
= a{wi} + I3{wi'} (3.20) 
= aT{\<P))+(3T{m. (3.21) 

Now, since {Iw;}} is an orthonormal basis in M, by Equation (13.51) in Theorem 
13.51 every ket {(j)) G M admits the unique expansion 

00 
(=1 

Hence, T is injective, since T{\(j))) — {{mi\(j))} = implies (m;|(/)) = for all 
I G N, and thus \(p) =0. Moreover, T is surjective, since for any element 
{ai} e ll, the series |^) = X^i^i is convergent (Theorem 3.11 in [4]). 
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Finally we shall show that T is an isometry. By Lemma 13.101 we have that 



\Tm\\ - W{Tm),Tm) 



I y^ei (T(|0i)), T(|0i)))t + 62 (T(|02)), T{\4>^))y, 



(3.22) 



By Theorem 13.71 the classical Riesz-Fischer Theorem can be applied to Hk 
where T : i?fe — > ek/^ for fc = 1, 2. Then we find that 

(r(|</.k)),7^(l0k)))fc - \Tm)\l (3-23) 
= \\4>^.)\l (3.24) 
= (0k|0k)fc (3.25) 



for fc = 1, 2, where | ' |]^ = | ' I2 classical norm on P. Thus, from Equation 

(IS211), we get that 

||7^(I0))|| = (3.26) 

This proves that T is an isometry. Hence M is isometrically isomorphic to the 
bicomplex Hilbert space □ 
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